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Where did Al start?

Recall one of our definitions of Al: "[AI is] the theory and development of computer
systems able to perform tasks that normally require human intelligence, such as visual

perception, speech recognition, decision-making, and translation between languages."

This effort started in ancient times with the development of mathematics in Greece, India,
and China. In the West, Aristotles' Prior Analytics had the most influence, introducing the

ideas of
- Propositions: statements which are either true or false, and

- Syllogisms: basic patterns for reasoning, involving premises and a conclusion: the rule

says that if the premises are true, then the conclusion must be true.

Premise 1: All men are mortal ;
All men are mortal. Socrates 1S a man.

Premise 2: Socrates 1s 2 man Socrates 1s mortal.
THERE Rore,

Conclusion: Socrates is 2 man g
\
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George Boole: The Laws of Thought

Fast forward to 1854, when George Boole published one of the foundational texts of

modern mathematics, The Laws of Thought, described by Boole as follows:

“an investigation of the fundamental laws of those operations of the mind by which reasoning is performed; to give
expression to them in the symbolical language of a calculus and, upon this foundation, to establish the science of
logic and construct its method; to make that method itself the basis of a general method for the application of the
mathematical doctrine of probabilities; and finally to collect from the various elements of truth brought to view in the
course of these inquiries some probable intimations concerning the nature and constitution of the human mind.”

Boole's system was based on simple mathematics:

“I'o express these propositions, let us assume—
x « Motion began in time (and therefore)

1 - z = Motion has existed from cternity. _ - _
y = The first cause is an intelligent being. 1 =true (X and y) =Sy (nOt X) i (1-X)
p = Motion has been eternally caused by some cternal lntclh- 0 = false (X or y) = X+y0/o 2

gent being.
¢ = Motion is sclf-existent.
7 = Motion has existed by endless successive communication.

& = Matter is at rest.
§

The cquations of the premises then are— )< Y X AND ‘/
1-2:211:(1 DA=-D+q(-p) Q-1 +r(-p(- 7)}- — l l
st . -
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Propositional Logic: Syntax

q
Definition 2.1 Let Op = {—, A, V, =,<,(,)} be the set of logical operators UNMY
and X a set of symbols. The sets Op, 2 and {z, f} are pairwise disjoint. X' is
called the signature and its elements are the proposition variables. The set of RTamY A ( \{ :b( L
propositional logic formulas is now recursively defined:

e tand f are (atomic) formulas. bumcTunTon | ( 3

e All proposition variables, that is all elements from X, are (atomic)
formulas.

e If A and B are formulas, then —A, (A), AAB,AV B,A= B, A < B are
also formulas.

Precedence of Operators: —1, A, V, — , < .
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Propositional Logic: Semantics = [Me#vauc-

Definition 2.3 A mapping / : ¥ — {¢, f}, which assigns a truth value to
every proposition variable, is called an interpretation. (O A TITH ASCen lfSﬂT)
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Propositional Logic: Semantics
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Propositional Logic: Semantics
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Propositional Logic: Semantics of Formulae

Definition 2.5 A formula is called

e Satisfiable if it is true for at least one interpretation.

e Logically valid or simply valid if it is true for all interpretations. True
formulas are also called fautologies.

e Unsatisfiable if it is not true for any interpretation.

Every interpretation that satisfies a formula is called a model of the formula.
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Propositional Logic: Basic Notions

Definition 2.4 Two formulas F and G are called semantically equivalent jf
they take on the same truth value for all interpretations. We w
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Propositional Logic: Logical Equivalences

Theorem 2.1 The operations N\, \V are commutative and associative, and the
following equivalences are generally valid:

MABE = x5 pMore  AMPRPRIATE

SAVvVB & l’/A == b (implication)
A8 < B 04 (contraposition)
(A=>BIAB—>A) & (A < b) (equivalence)
\'\‘I‘ESE (AAB) & AN B (De Morgan’s law)
c H(AVvB) & —AANah
“;: P [_ AV(BAC) & (AVB)A(AVC) (distributive law)
~\YO CONVED) AABVE) = (AANBVIAAD
cA c Avaa o W (tautology)
o AnaA & (contradiction)
AV £ = .
AVw = w Mso‘ A 4 B e
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Propositional Logic: Basic Notions

Definition 2.6 A formula KB entails a formula Q (0 ws from KB) if
every model of KB is also a model of Q. We writ¢ KB = Q.

If a formula Q is valid (a tautology), then we write < Q.
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Propositional Logic: Basic Notions

Theorem 2.2 (Deduktionstheorem)

AEs =
Z. CASES (1):

AEBifandonlyif =A B

FA>B

| SATSFES }4

THen I SANsRRES B AaD

X sarmrees SR

(723 I Dossd't (arzee A

2

g I SAT=seres ﬁ‘% %

é‘— LS U} STrhrpn

(T~>)73



Propositional Logic: Proof Calculi

A proof calculus is a collection of syllogism: es) for deriving consequences of a
collection of formulae. It is an entire s\yntactic ocedure.
\. i

If we can derive a formula Q from a formula (or set of formulae) KB, we write

KBF Q

and we say that KB derives Q.

A large number of different proof calculi have been developed, here is a brief
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Propositional Logic: Proof Calculi
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Propositional Logic: Proof Calculi

Unfortunately, these are not always easy to understand (for humans) and very difficult
to generate by machine! They generally require some creativity and insight into the

problem.
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(1)

B+ B 'O 21 Of
BvCHFB,C (VL)
(PR)
BvCHrC,B
(-L) (1)
BN-C; -0+ B -AF A

(BV C),~C,(B— ~A)F—-A

(BvC),-C,((B— -A)A-C)F -A

(BVC),((B— -~A) A-C),-CF —A

(I)

A A (BVC),((B— -A)A-C),((B— -A)A-C) -4
(-R)

F -4, A (BVC),((B— —~A)A-C)F -A
(PR)

- A,-A ((B— -~4) A—=C),(BVC)F -A

/——“__~——_

(— L)

(ALy)
|
(AL2) (/G» H 3

(crL)

(PL)

(B—=-4)A-C),(A—=(BVC)F-A,-A

(= L)
(CR)

((B— —A)A—=C),(A— (BVC))F -4

(PL)

(A= (BVC)),((B— -A)A-C)F -A

(— R)

(A= (BVO)F (((B— —~A)A-C) = —A)

(= R)

F((A— (BVC) = ((B— ~A)A-C) = —4A))



Propositional Logic: Syntax and Semantics
(< MR&CT\

Definition 2.7 A calculus is called sound if every derived proposition fol-
lows semantically. That is, if it holds for formulas KB and Q that

if KBEQ then KB -0

A calculus is called complete if all semantic consequences can be derived.
That is, for formulas KB and QO the following hol

KRF & & KBI—=Q
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Propositional Logic: Syntax and Semantics

}_

KB derivation Q
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Propositional Logic: Automated Theorem Proving

An alternative proof calculus that is more suitable for machine implementation is
the Resolution Method, invented by Abraham Robinson in 1965. It is a method of

proof by contradition or refutation:

Theorem 2.3 (Proof by contradiction) KB = Q if and only if KB N\ —Q is ,

nsatisfiable.

S

The Resolution Rule is a generalization of Modus Ponens and similar rules that C Eg
explain how implication can be used: NEAT

~E
A A=>B A -AVB b

B B

A=>B B=>C —AVvVB -BvC
A=>C “AvC
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